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Theory of a weakly non-ideal Bose gas in the anonial ensemble is developed without assumption
of the C-number representation of the reation and annihilation operators with zero momentum.
It is shown that the pole of the "density-density" Green funtion exatly oinides with the
Bogolybov's phonon-roton spetrum of exitations. At the same time in the one-partile exitation
spetrum a gap exists. The value of this gap is onneted with the density of partiles in the
"ondensate".
PACS number(s): 05.30.Jp, 03.75.Kk, 03.75.Nt, 05.70.Fh
I. INTRODUCTION
1. Starting with the Bogolyubov's papers [1,2℄, the mirosopi theory of the degenerate Bose gas has been based
on the speial assumption that the reation a+0 and annihilation a0 operators of partiles with zero momentum an
be replaed by a C-number
a+0 = a0 = (< N0 >)
1/2, (1)
where < N0 > is the average quantity of partiles in the state with p = 0 ("ondensate").
This assumption leads to neessity of introduing in the theory the anomalous averages ("quasi-averages"), whih
is unnatural for the homogeneous and isotropi system under onsideration. Though the Bogolyubov theory (see,
e.g., [3,4℄) gives rise to many important and widely reognized results, suh as the expression for the spetrum of
exitations, explanation of the experimental data and agreement with the Landau superuidity ondition, there are
serious doubts on the validity of the relation as well as on the agreement of the Hamiltonian orresponding to the
assumption (1) with the original Hamiltonian of the system under onsideration [5,6℄.
In this work we suggest a selfonsistent nonontraditory desription of the degenerate Bose gas in whih we do not
use the assumption (1). In this way we show, in partiular, that the gap in the spetrum of the one-partile exitations
exists. The statement that the spetrum of one-partile exitations has a gap in parallel with the usual phonon-roton
branh of the olletive exitations in degenerate Bose gas has been formulated in [7℄. Later the existene of a gap has
been suggested in [8℄. Spetra, thermodynamis and dynamial struture fator for weakly non-ideal Bose gas below
the ondensation temperature T < T0 have been onsidered in [9-11℄ in terms of the dieletri formalism, similar to one
in plasma-like systems. The dieletri formalism on the basis of the Bogolyubov assumption (1) for the operators a+0
and a0 was developed in [12℄. Reently the gap-existene problem for a weakly non-ideal Bose gas has been onsidered
by dierent methods in papers [13-16℄. In fat, the paper [14℄ onrmed (independently) and developed not only the
statement of Ref. [7℄ about existene of a one-partile gap in the weakly non-ideal Bose gas below the ondensation
temperature, but also the results of the papers [9-11℄ on a possibility of onsidering the superuid system without
symmetry breaking. Of ourse, the existene of a gap disagrees with a standard opinion that the gap is missing [3℄.
But we do believe that the onlusion about a missing gap is related to the Bogolubov simplifying assumption (1),
and is not obliged to persist in a more rigorous theory.
It is neessary to stress that in the early papers both Landau and Bogolyubov admitted that the one-partile
exitation spetrum an have a gap, but later they dropped this idea, beause of ontradition with observations of
the phonon-roton branh of spetrum at small q in the neutron sattering experiments. The approah whih inludes
the both spetra, with and without a gap, has not been found and oexistene of these two branhes of exitations
was not suggested.
We suggest that in the limit of strong degeneration T → 0, where T is the temperature of the system, all the
partiles tend to oupy the zero-momentum state, whih means that
lim
T→0
< N0 >=< N >, (2)
where < N > is the average number of partiles in the system. This statement is onrmed in the paper by the
self-onsistent onsideration. Below we use the anonial ensemble where N is a given C-number.
2II. STATISTICAL SUM AND AVERAGES IN CANONICAL ENSEMBLE
Let us onsider the Hamiltonian of a non-ideal Bose gas of partiles with zero spin and a mass m in a volume V
H =
∑
p
εp a
+
p ap +
1
2V
∑
q,p1,p2
u(q)a+
p1−q/2
a+
p2+q/2
ap2−q/2ap1+q/2, (3)
where a+p and ap are the reation and annihilation operators of partiles with the momentum ~p,
[ap2 , a
+
p1
] = ap2a
+
p1
− a+p1ap2 = δp1,p2 , (4)
εp = ~
2p2/2m is the energeti spetrum of a free partile and u(q) is the Fourier-omponent of the inter-partile
interation potential.
It is onvenient to extrat the partiular term U0 with q = 0 from the sum over q in the Hamiltonian (3). This
term an be written as
U0 = u(0)
N(N − 1)
2V
, N =
∑
p
a+p ap, u(0) = u(q = 0) = u(q → 0), (5)
where N is the operator of total number of partiles, and N is a C-number N =< N >. Here and below the brakets
< ... > mean the anonial-ensemble averaging. Sine U0 is also the C-number one an write the statistial sum of
the system under onsideration in the form
Z = Sp exp(−H/T ) = exp
(
−u(0)
N(N − 1)
2V T
)
Sp exp(−H0/T ), (6)
where
H0 = H − U0 =
∑
p
εp a
+
p ap +
1
2V
∑
q 6=0,p1,p2
u(q)a+
p1−q/2
a+
p2+q/2
ap2−q/2ap1+q/2, (7)
Therefore, to provide onvergene of the statistial sum (7) in the thermodynami limit V →∞ N →∞, n = N/V =
const., the known ondition u(0) > 0 has to be fullled. As U0 is a C-number, it does not aet any averaging at all,
and for alulation of average values the Hamiltonian H is equivalent to H0. For an arbitrary operator < A > we get
< A >= Z−1Sp {exp(−H/T )A} = Z−10 Sp {exp(−H0/T )A} ≡< A >0; Z0 = Sp exp(−H0/T ) (8)
Let us now onsider a more ompliated situation, onneted with alulation of a time dependent orrelation
funtions f(t) of the type
f(t) =< [A(t), B(0)] >, A(t) = exp(iHt/~)A exp(−iHt/~). (9)
The time dependene of the operators a+p (t) and ap(t) an be represented in the form
a+p (t) = exp(iH0t/~)a
+
p exp(−iH0t/~) exp(iNu(0)t/V ~). (10)
ap(t) = exp(−iNu(0)t/V ~) exp(iH0t/~)ap exp(−iH0t/~). (11)
Therefore, if in eah of the operators A and B the amounts of reation and annihilation operators oinide (whih is
typial for the operators of the physial variables) the time-dependent orrelation funtion an be written as
f(t) =< [A(t), B(0)] >0, A(t) = exp(iH0t/~)A exp(−iH0t/~). (12)
On this basis below, in the framework of the anonial ensemble, we onsider the average values with the Hamiltonian
H0 (7). The free energy of the initial system with the Hamiltonian H (3), aording to (5)-(7) reads
F = −T lnZ = U0 + F0, F0 = −T lnZ0. (13)
3III. EQUATIONS FOR "DENSITY-DENSITY" GREEN FUNCTION
Experimentally the spetrum of olletive exitations is found usually from data on the well observable maxima in
the dynamial struture fator S(q, ω) for q 6= 0,
S(q, ω) =
1
V
∫ ∞
−∞
exp(iωt) < ρq(t)ρ−q(0) >0 dt, (14)
ρq(t) =
∑
p
a+
p−q/2(t)ap+q/2(t), (15)
where ρq(t) is the Fourier-omponent of the operator of partile density in the Heisenberg representation. The
dynamial struture fator S(q, ω) (14) is diretly onneted [17℄ with the retarded density-density Green funtion
χR(q, z) whih is analytial in the upper semi-plane of the omplex variable z (Imz > 0),
S(q, ω) = −
2~
1− exp(−~ω/T )
ImχR(q, ω + i0), (16)
χR(q, z) = −
i
~V
∫ ∞
0
dt exp(izt) < [ρq(t)ρ−q(0)] >0=
1
V
<< ρq | ρ−q >>z, (17)
The denitions (16),(17) have to be taken in the thermodynami limit, where
lim
T→0
< N0 >0=< N >0= N. (18)
Aording to Eq. (14) the funtion χ(q, z) an be represented in the form
χ(q, z) =
1
V
∑
p
F (p,q, z), F (p,q, z) = 〈〈 a+
p−q/2ap+q/2 | ρ−q〉〉z (19)
The equation of motion for the funtion F (p,q, z) with the Hamiltonian H0, determined by (Eq. (7)), an be written
in the form (
~z + εp−q/2 − εp+q/2
)
F (p,q, z) = fp−q/2 − fp+q/2 −
1
V
∑
k
u(k)
∑
p1
〈〈 (a+
p+k−q/2a
+
p1−k/2
ap1+k/2ap+q/2 − a
+
p−q/2a
+
p1−k/2
ap1+k/2ap−k+q/2) | ρ−q〉〉z (20)
Here fp is the one-partile distribution on the momenta ~p funtion
fp =< a
+
p ap >0 (21)
For a temperature T < T0, where T0 is the temperature of ondensation the one-partile distribution funtion fp an
be represented as [18℄
fp =< N0 > δp,0 + f
T
p (1− δp,0), (22)
where N0 = a
+
0 a0 is the operator of the quantity of partiles with the momentum equal zero ("ondensate") ,
fTp =< a
+
p ap >0 is the one-partile distribution funtion with non-zero momenta (the "overondensate" states).
Therefore,
n = n0 +
1
V
∑
p6=0
fTp = n0 +
∫
d3p
(2pi)3
fTp , (23)
where n0 =< N0 > /V is the average density of partiles in the ondensate. From (20) and (22) we nd that
the funtion F (p,q, z) has singularities at p = ±q/2. Therefore, the density-density funtion χ(q, z) (19) an be
represented in the form
χ(q, z) =
1
V
F (q/2,q, z) +
1
V
F (−q/2,q, z) +
1
V
∑
p6=±q/2
FT (p,q, z) (24)
4The index T means, that the respetive funtion desribes the "overondensate" partiles. The singularities
(onditioned by the ondensate) in this funtion are absent. Then in the last term in Eq. (24) we an hange summation
by integration over momenta. The funtions F (±q/2,q, z), extrated above, satisfy, aording to Eqs. (20),(22), to
the exat equations of motion
(~z − εq) F (q/2,q, z) = [〈N0〉 − f
T
q ]−
1
V
∑
k 6=0
u(k)
∑
p1
〈〈 (a+k a
+
p1−k/2
ap1+k/2aq −
a+0 a
+
p1−k/2
ap1+k/2aq−k) | ρ−q〉〉z (25)
(~z + εq) F (−q/2,q, z) = −[〈N0〉 − f
T
q ]−
1
V
∑
k 6=0
u(k)
∑
p1
〈〈 (a+k−qa
+
p1−k/2
ap1+k/2a0 −
a+−qa
+
p1−k/2
ap1+k/2a−k) | ρ−q〉〉z . (26)
Let us onsider further the ase of strongly degenerate gas, where T → 0. To nd for this ase the main terms, following
to the Bogolyubov's proedure, let us extrat in the right sides of Eqs. (25),(26) the terms, whih are determined by
the maximum quantity of the operators a+0 and a0. In the limit of strong degeneration, taking into aount(18), we
an omit the other terms in the ourse of alulation of F . Then, sine fTq = f
T
−q (q 6= 0) Eqs. (25),(26) take the form
(~z ∓ εq) F
(0)(±q/2,q, z) = ±[〈N0〉 − f
T
q ]±
1
V
u(q)〈〈 (a+0 a
+
0 aqa0 + a
+
0 a
+
−qa0a0) | ρ−q〉〉z (27)
Eqs. (27) are exat at low temperature, sine they determine the funtions F (0)(±q/2,q, z). For alulation the Green
funtions in the right side of Eqs. (27) it is neessary to make some approximations.
IV. DETERMINATION OF THE COLLECTIVE EXCITATIONS
It should be emphasized that the Bogolyubov's approah, in whih the operators a+0 and a0 are onsidered as
C-numbers leads to violation of the exat relations (25), (26). In this approah (1), the main term F (0) of the funtion
F has the form [19℄
F (0)(±q/2,q, z) = 〈N0〉 〈〈 a±q | a
+
±q〉〉z (28)
Respetively, instead the exat equations for two-partile Green funtions (25), (26) we obtain the equation of motion
for one-partile Green funtions form (28). As is shown below, the equations of motion for the two-partile Green
funtions without the approximation on the C-number representation of the operators a+0 è a0 are essentially dierent
from the equations for the one-partile distribution funtions. Therefore, for alulation of the Green funtions in the
right part of (27), the assumption (1) annot be used. At the same time the idea on C-number approximation for some
operators is, itself, very attrative. Below we use this idea in the variant alternative to the Bogolyubov assumption.
Aording to (18) it is natural to aept that for alulation of the Green funtions in the limit of strong degeneration
T → 0 the C-number approximation has to be applied not to the operators a+0 è a0, but to the operator of the number
of partiles in the "ondensate" N0
N0 = 〈N0〉. (29)
In this ase from (27) diretly follows
(~z − εq) F
(0)(q/2,q, z) = [〈N0〉 − f
T
q ] +
< N0 >
V
u(q){F (0)(q/2,q, z) + F (0)(−q/2,q, z)} (30)
(~z + εq) F
(0)(−q/2,q, z) = −[〈N0〉 − f
T
q ]−
< N0 >
V
u(q){F (0)(q/2,q, z) + F (0)(−q/2,q, z)} (31)
From Eqs. (30),(31) one an nd the solutions for the funtions F (±q/2, q, z)
F (q/2,q, ~z) =
[< N0 > −f
T
q ](~z + εq)
(~z)2 − (~ω(q))2
; F (−q/2,q, z) = −
[< N0 > −f
T
q ](~z − εq)
(~z)2 − (~ω(q))2
(32)
5~ω(q) ≡
√
ε2q + 2n0u(q)εq (33)
The relation (33) for the spetrum ~ω(q) orresponds exatly to the known Bogolyubov expression [1,2℄. By
substituting to (19), and taking into aount that for the ase of strong degeneration the ontribution of the funtions
FT (p,q, z) is negligible, we obtain the expression for the main term χ(0)(q, z) of the "density-density" Green funtion
χ(q, z)
χ(0)(q, z) =
2n0εq
(~z)2 − (~ω(q))2
{
1−
fTq
< N0 >
}
(34)
As it is well known, the singularities of the funtion χR(q, z) determine the spetrum of olletive exitations in the
system. Therefore, under the assumption about C-number behavior of the operator N0 we obtain the Bogolyubov's
result for the spetrum of the olletive exitations in the degenerate and weakly interating Bose gas. However, the
question on the term fTq / < N0 > in the gure brakets of (33) still exists. The problem is in the behavior of the
funtion f idq for the ideal Bose gas [20℄
f idq =
{
exp
(
ε(q)
T
)
− 1
}−1
(35)
In the limit of small wave vetors q the funtion f idq onverges at non-zero temperatures (further in the text 1/q
2
-
divergene). Moreover
lim
T→0
lim
q→0
f idq 6= lim
q→0
lim
T→0
f idq (36)
The similar problem arises when (22) is used.
V. ONE-PARTICLE EXCITATIONS, GAP AND THE SELF-CONSISTENT DISTRIBUTION
FUNCTION
To alulate the distribution funtion fTq for the "overondensate" partiles in Bose gas let us onsider the one-
partile Green funtion gR(q, z)
gR(q, z) = 〈〈 aq | a
+
q 〉〉z , q 6= 0 (37)
This funtion is diretly onneted with the distribution funtion fTq by the relation [21℄
fTq =
∫ ∞
−∞
dω
2pi
g<(q, ω), g<(q, ω) = −2~
{
exp
(
~ω
T
)
− 1
}−1
ImgR(q, ω + i0) (38)
The equation of motion for the Green funtion gR(q, z) for q 6= 0 reads
(~z − εq) g
R(q, z) = 1 +
1
V
∑
k 6=0
u(k)
∑
p
〈〈 a+p+kapaq+k | a
+
q 〉〉z. (39)
As for the "density-density" Green funtion, we onsider the ase of a strong degeneration and extrat in the right-
hand side of Eq. (39) the terms with maximum quantity of the operators a+0 and a0. Then from Eq. (39) we nd
(~z − εq) g
R(q, z) = 1 +
1
V
u(p)〈〈 a+0 aqa0 | a
+
q 〉〉z(1 − δq, 0), (40)
Further, by using again the assumption about the C-number behavior of the operator N0, from Eq. (40) we obtain
gR(q, z) =
1
~z − Eq
, (41)
The expression for the spetrum of the one-partile exitations Eq is given by
Eq = εq + n0u(q), (42)
6From Eqs. (37),(40),(41) for T ≪ T0 we obtain
fTq =
1
exp(Eq/T )− 1
.. (43)
Therefore, the funtion fTq is nite for q → 0. Moreover, in the limit of strong degeneration T → 0
fTq → 0 (44)
for arbitrary values of q, in ontrast with the ase of of the ideal Bose gas. Therefore, the representation (22) for the
one-partile distribution funtion fp is valid, the initial suggestions (2),(18) are satised and the used proedure of
extration of the main terms is self-onsistent.
As it follows from (42) in the spetrum of one-partile exitations the appeared gap equals to
∆ = Eq→0 = n0u(0). (45)
A value of the gap is determined by the density of partiles in the "ondensate". The existene of the gap permits
to extend essentially the appliability of the results obtained for T → 0. It is obvious, that in many appliations the
ondition T → 0 is equivalent to the ondition T ≪ ∆.
Taking into aount (44) we an rewrite Eq.(34) for the funtion χ(0)(q, z) in the form
χ(0)(q, z) =
2n0εq
(~z)2 − (~ω(q))2
(46)
On the basis of (46) pratially all known results for the thermodynamial funtions of the degenerate Bose gas an
be reprodued, as it was done in [9-11℄.
Therefore, in ontrast with the approah, based on the C-number approximation for the operators a+0 and a0, by
use the C-number approximation for the operator N0 we nd the spetra of the olletive and one-partile exitations
are dierent. Both spetra, as it's easy to see, satisfy the Landau ondition for superuidity. For the one-partile
spetrum the Landau ondition is satised for the transitions between the "ondensate" and the "overondensate"
state. The Landau ondition is, naturally, violated for transitions between the "overondensate" states.
VI. CONCLUSIONS
Summarizing the performed onsideration we an assert that by alulation of the Green funtions for the highly
degenerate Bose gas on the basis of the C-number approximation for the operator N0:
A) The problem of 1/q2 divergene, whih arises for the ideal Bose gas, an be solved;
B) The system has two dierent branhes of exitations - the one-partile and the olletive ones, both satisfying
the Landau ondition of superuidity;
C) The one-partile spetrum of exitations ontains the gap in the region of small wave vetors, onneted with
the existene of the "ondensate" ;
D) The spetrum of the olletive exitations orresponds to the "phonon-roton" exitations observed in the
experiments on the inelasti neutron sattering;
E) The neessity of anomalous averages (quasi-averages) for the desription of the degenerate Bose-gas is absent.
Therefore, the inter-partile interation in Bose-systems leads not only to the drasti dierene (in omparison
with the ideal Bose gas) in the struture of the olletive exitations, whih are desribed by "density-density" Green
funtion, but also to the ruial hange in the distribution funtion of the one-partile exitations and in the one-
partile spetrum of exitations for the "overodensate" partiles.
On the basis of the obtained results the speial diagram tehnique an be developed, similar to [19℄, but with the
use of the C-number approximation for the operator N0.
The priniple dierene between the results of this work and the results of the "traditional" C-number approximation
for the operators a+0 and a0 is the existene of the gap in the spetrum of the one-partile exitations. The above
analysis shows that this gap annot manifest itself in the experiments on nonelasti neutron sattering in superuid
Helium [22,23℄. However, suh possibility annot be exluded [16℄ in the experiments on the Raman light sattering.
Moreover, in [24℄, where suh experiments are desribed, there is a diret indiation of existene of the gap.
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